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Consider the problem of solving the diffusion equation
›
u s p x u , 0 - x - p , t ) 0,Ž .Ž .t x› x
u 0, t s u p , t s 0, t ) 0,Ž . Ž . 1Ž .
u x , 0 s u x ,Ž . Ž .0
Ž . w x 1ŽŽ . .where p x is a smooth, positive function on 0, p and u g L 0, p , R .0
If we define the operator
A: D A “ L1 0, p , RŽ . Ž .Ž .
via
d
A w s p x wŽ . Ž .Ž .xdx
for all
w g D A s W 2, 1 0, p , R l W 1, 1 0, p , R ,Ž . Ž . Ž .Ž . Ž .0
145
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 Ž .4then A is the infinitesimal generator of an analytic semi-group T t t G 0
1 Ž w x. Ž .on L cf. Pazy 17 . Furthermore, the unique solution of 1 is given by
u ?, t s T t u .Ž . Ž . Ž .0
Ž .In addition, if u g D A then0
T t u y uŽ . Ž .0 0
lim s A u .Ž .0q tt“0
That is,
u y u0
lim s A u ,Ž .0q tt“0
with the limit understood in the L1 sense. This limit gives information
Ž .related to the asymptotically short term behavior of the solution to 1 in
Ž . Ž .the case when u g D A . The case when u f D A is not as simple.0 0
Our primary interest in this work is the short term behavior of the
Ž .solution to a generalization of 1 . More specifically, we are interested in
the short term behavior of solutions to
›
u s p x u q f x , u , u , 0 - x - p , t ) 0,Ž . Ž .Ž .t x x› x
u 0, t s u p , t s 0, t ) 0,Ž . Ž . 2Ž .
u x , 0 s u xŽ . Ž .0
in the case when u does not satisfy the homogeneous Dirichlet boundary0
Ž .conditions, p x is piecewise smooth, and f is continuous and Lipschitz in
u and u . We restrict our attention to the case when u is a smoothx 0
w xfunction on 0, p . In this setting, the short term asymptotic behavior is not
immediately transparent. However, we do not have to look far to find
useful clues. To this end, we consider a related problem. Let ¤ g0
2Žw . . 1ŽŽ . .C 0, ‘ , R l L 0, ‘ , R and consider the solution to the diffusion
equation given by
¤ s ¤ , 0 - x , t ) 0,t x x
¤ 0, t s 0, t ) 0,Ž .
¤ x , 0 s ¤ x .Ž . Ž .0
We can write the solution explicitly in the form
‘1 2 2ŽyŽ xyy. rŽ4 t .. ŽyŽ xqy . rŽ4 t ..¤ x , t s e y e ¤ y dy. 3Ž . Ž . Ž .Ž .H 0'2 p t 0
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This allows us to give an explicit formula for
H‘ ¤ x y ¤ x , t dxŽ . Ž .Ž .0 0
lim .
q 't“0 t
Ž .In fact, a simple calculation involving 3 , a chance of variables, and
l'Hospital's rule yields
H‘ ¤ x y ¤ x , t dx 2¤ 0Ž . Ž . Ž .Ž .0 0 0
lim s .
q ' 't“0 t p
More generally, when d ) 0, the solution to the system
¤ s d¤ , 0 - x , t ) 0,t x x
¤ 0, t s 0, t ) 0,Ž .
¤ x , 0 s ¤ xŽ . Ž .0
satisfies
‘ 'H ¤ x y ¤ x , t dx 2 d ¤ 0Ž . Ž . Ž .Ž .0 0 0
lim s .
q ' 't“0 t p
The primary result of this work is an extension of this limit formula for
Ž .solutions to 2 .
The limit above is a well known result from the literature on heat
Ž w x.content asymptotics cf. 3]6, 8, 9, 18 . However, there do not appear to
Ž .be similar results for solutions to systems of the form 2 . In particular,
Ž .there are no known results in the setting when p x is piecewise smooth.
Our motivation for this work is a mathematical modelling problem
associated with waste disposal. The ultimate purpose of proper waste
disposal is to discard unwanted materials in a manner which protects the
public health and the environment from unwanted harm. Our potential for
harm from disposed waste lies in the migration of harmful constituents in
the waste to the environment via water. This simple statement, when
applied to the migration of a contaminant through and out of a monolithic
form, gives rise to an interesting problem about the extreme short term
leaching rates in a transport process defined solely by diffusion.
Consider a contaminated monolithic form, in particular a solid cylindri-
cal shape of concrete embedded during mixing with a mobile species such
as radioactive cesium, the leachate. Allowed to dry and cure, the cylinder
is immersed in water, and the cesium leaches out in a manner that over
the long term is consistent with a normal diffusion process with constant
initial concentration and diffusion coefficient. Long term here is months
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and years. Our principle goal is to determine long term behavior of the
Ž .cumulative fraction leached CFL with extreme short term leach data;
``extreme short term'' means days. We assume a given geometric structure
of the waste form and the knowledge of an effective long term diffusion
coefficient for the leachate. However, for particular measured data, it
became impossible to accurately model the leach rate over the extreme
short term and long term combined.
Two explanations were plausible: The ``pure'' diffusion model mecha-
nism for the leaching process was incorrect. Perhaps some other transport
mechanism is at work. Alternatively, the constancy of the diffusion coeffi-
cient throughout the body, the constancy of the initial concentration, or
both were in error. We address the alternative possibility. Indeed we
hypothesize the following:
a. In a very thin boundary layer, about the thickness of the concrete
Ž .backfill material i.e., sand , it is supposed that the diffusion coefficient is
somewhat higher than that interior to the specimen.
b. The initial concentration of the radionuclide is greater in this
boundary layer than in the interior where it is constant.
The physical reason for the first of these assumptions is that in the thin
boundary layer the cement has less backfill material which is a total
retardant to diffusion, making the effective diffusion higher there. The
physical reasoning for the second assumption is more speculative. It is
proposed that while the cement sets there is some rapid mobility of the
species toward the boundary, resulting in a higher concentration there. At
this time magnetic resonance imaging equipment available to the authors
cannot achieve the resolution necessary to confirm this assumption. As a
point of interest, both assumptions, together with a thickness assumption
for the boundary layer are needed to match the extreme short and long
w xterm shape of the Nomine et al. 16 leach data.
Our model for the leaching process is based on a one dimensional
Ž . w xdiffusion equation of the form 1 , on a general interval 0, a , with the
Ž . Ž .above assumptions built into p x and u x . To compare results obtained0
with actual data the one dimensional data must be corrected by the
Ž .surfacervolume SrV ratio. With this done, and with the assumptions a
and b in effect, we obtain extremely accurate approximations to the data in
w xNomine et al. 16 both in the short term and long. Study of the extreme
short term leaching behavior requires very small time steps and this
Žnecessarily results in long computer runs to obtain accurate results cf.
w x.Allen and Pitt 1 .
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Naturally, it would be more desirable to determine the leach rates
Ž .theoretically, and that is the intent of this paper. Denote by u x, t the
concentration of the leachate at position x and at time t. The total
leachate remaining in the one dimensional specimen at a time t is given by
a Ž . Ž .H u x, t dx. The cumulative fraction leached CFL by time t is given by0
Hau x dx y Hau x , t dxŽ . Ž .0 0 0
U t \ ,Ž . aH u x dxŽ .0 0
and collected data indicate that
1
lim U tŽ .
q 't“0 t
should exist. Indeed, our main result yields a precise value for this limit.
By way of background, the total migration of waste from the storage
facility to the groundwater supply is an enormously complex process that
has been studied for at least 25 years and is still a hot topic today. It
involves several independent andror coupled processes, each of which is
Žcomplex itself. Among these are water penetration into the facility Ahn
w x. Ž w x.and Suzuki 2 , leaching from the waste form Ahn and Suzuki 2 ,
deterioration of the container and deterioration of the solid phase
Ž w x. ŽMatsuzuru and Suzuki 14 , migration through the backfill materials Ahn
w x.and Suzuki 2 , structural integrity of the facility, and migration external
Ž w x.to the facility to the groundwater supply Lever et al. 13 . We have
determined two factors via the boundary layer hypothesis that are signifi-
cant for finding a mathematical model that gives good approximations to
actual data. These same factors have not been considered by other
Ž w x w x.investigators Godbee 10 , Matsuzuru and Ito 15 . Rather, these authors
Ž .have concentrated on general theoretical solutions usually of series type
of the diffusion equation based on a constant effective diffusion coefficient
Ž .together with an empirical mathematical model which is then ``tuned'' to
Ž w x.obtain good agreement with experimental results Spence et al. 21 . The
benchmark data with which we have compared our numerical results is the
CEN]Saclay Long-Term Leach Data for the very mobile species cesium
Ž w x.Nomine et al. 16 . Various sized cylinders were used. All indicated very
low long term leach rates of 10y11 to 10y12 cm2rsec. Unfortunately, these
low leach rates were not observed until 30 to 60 days into the experiments
and persisted for more than 700 days, which would not have been so
Žmeasured in standard short term leach tests, such as ANSI 16.1 ANSIr
.ANS 16.1, 1986 .
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1. PRELIMINARY ESTIMATES
Ž . w xLet a ) 0. Suppose p x is a smooth function on 0, a and there exists
Ž . w xp ) 0 such that p x G p for all x g 0, a . Let u be a continuous1 1 0
w xfunction on 0, a such that if ¤ is the unique solution to0
d
Xy p x ¤ x s 0, 0 - x - a,Ž . Ž .Ž .0 4dx Ž .
¤ 0 s u 0 , ¤ a s u aŽ . Ž . Ž . Ž .0 0 0 0
then
u y ¤ g H 2 0, a , R l H 1 0, a , R . 5Ž . Ž . Ž .Ž . Ž .0 0 0
2ŽŽ . .This is very little restriction on u . In fact, if u g H 0, a , R then this0 0
will be satisfied.
We consider the diffusion equation
›
u s p x u , 0 - x - a, t ) 0,Ž .Ž .t x› x
u 0, t s u a, t s 0, t ) 0,Ž . Ž . 6Ž .
u x , 0 s u x , 0 - x - a.Ž . Ž .0
The existence of the limit in the following result seems to be well known.
However, we could not find this precise statement in any of the well known
Ž w x.literature associated with heat content asymptotics cf. 3]6, 8, 9, 18 .
Consequently, for the sake of completeness we include the proof in this
section.
Ž . Ž .THEOREM 1.1. Let u x, t be the unique solution of 6 . Then
a1 2 ' 'lim u x y u x , t dx s u 0 p 0 q u a p a .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H ž /0 0 0q ' 't“0 t p0
Remark 1.1. A simple change of variables can be used to verify that it
w xis sufficient to prove the result above in the case when the interval 0, a is
w xreplaced by the interval 0, p . Consequently, we will make the assumption
that a s p . In addition, for the sake of simplicity, the proof given below
Ž .deals only with the case when p x is symmetric about pr2. The general
proof is a straightforward adaptation.
We need to recall some basic information to prove this result. First, if
we denote the operator
A: D A “ L2 0, p , RŽ . Ž .Ž .
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defined by
d
A w s p x wŽ . Ž .Ž .xdx
for all
w g D A s H 2 0, p , R l H 1 0, p , RŽ . Ž . Ž .Ž . Ž .0
then A is the infinitesimal generator of a strongly continuous semi-group
 Ž .4 2 Ž w x. Ž .T t on L cf. Pazy 17 . As a result, from 5 we havet G 0
T h y I wŽ . Ž .Ž . 0
lim s A wŽ .0q hh“0
Ž . Ž 2 .for all w g D A with the limit understood in the L sense . Conse-0
quently,
T h y I u y ¤Ž . Ž .Ž . 0 0
lim s A u y ¤ . 7Ž . Ž .0 0q hh“0
Now, let
w s u y ¤0 0 0
and suppose w is the unique solution of
›
w s p x w , 0 - x - p , t ) 0,Ž .Ž .t x› x
w 0, t s w p , t s 0, t ) 0,Ž . Ž .
w x , 0 s w x , 0 - x - p .Ž . Ž .0
Then
w x , t s T t w .Ž . Ž . 0
Therefore,
p p1 1'w x y w x , t dx s t T t w y w dxŽ . Ž . Ž .Ž . Ž .H H0 0 0' tt 0 0
T t w y wŽ . 0 0 2' 'F t p
t
“ 0 as t “ 0q
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Ž .from 7 . Let ¤ be the solution to
›
¤ s p x ¤ , 0 - x - p , t ) 0,Ž .Ž .t x› x
¤ 0, t s ¤ p , t s 0, t ) 0,Ž . Ž .
¤ x , 0 s ¤ x , 0 - x - p .Ž . Ž .0
Then clearly
u s ¤ q w.
So,
p1
u x y u x , t dxŽ . Ž .Ž .H 0't 0
p1
s ¤ x q w x y ¤ x , t y w t , x dx ,Ž . Ž . Ž . Ž .Ž .H 0 0't 0
implying
p p1 1
lim u x y u x , t dx s lim ¤ x y ¤ x , t dx.Ž . Ž . Ž . Ž .Ž . Ž .H H0 0q q' 't“0 t“0t t0 0
8Ž .
Consequently, we concentrate on the latter limit.
Ž .Let us start by writing ¤ x, t in terms of an eigenfunction expansion.
 4‘Let l denote the eigenvalues of A listed in decreasing order. It is an ns1
simple matter to prove that each eigenvalue is negative. In addition, if we
let E denote the eigenspace associated with the eigenvalue l , thenn n
dim E s 1.Ž .n
Ž w x.It is well known cf. Courant and Hilbert 7, pp. 293 and 359 that these
2ŽŽ . .eigenspaces are orthogonal in L 0, p , R and
‘
2L 0, p , R s E .Ž .Ž . [ n
ns1
5 5  4‘For each n let f g E such that f s 1. Then f is an orthonor-2n n n n ns1
2ŽŽ . .mal basis for L 0, p , R . Also, from the properties of A, each of the fn
is a smooth function. We can assume without loss of generality that these
functions have been scaled such that
fX 0 ) 0Ž .n
for each n.
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We will make considerable use of the following classic results from
Ž w x.Sturm]Liouville theory cf. Courant and Hilbert 7, p. 336 .
Ž .THEOREM 1.2. Let l and f be gi¤en as abo¤e and suppose that p x isn n
w xtwice continuously differentiable on 0, p . Define
p 1
l s dx.H 'p x0 Ž .
Then
n2p 2
l s y q O 1 , 9Ž . Ž .n 2l
x 'sin n prl H 1r p s dsŽ . Ž .2 1ž /ž /0
f x s q O , 10Ž . Ž .(n 1r4 ž /l np xŽ .Ž .
and
x 'cos n prl H 1r p s dsŽ . Ž .2 np ž /ž /0Xf x s q O 1 . 11Ž . Ž . Ž .(n 3r4l l p xŽ .Ž .
² : 2 w xLet ? , ? denote the L inner product on 0, p . Then we can write2
Ž .the eigenfunction expansion for ¤ x, t in the form
‘
l tn ² :¤ x , t s e ¤ , f f x . 12Ž . Ž . Ž .Ý 20 n n
ns1
Furthermore, we can easily compute
p1 d
X² :¤ , f s ¤ x p x f x dxŽ . Ž . Ž .Ž .2 H0 n 0 nl dx0n
1 xspX <s ¤ x p x f xŽ . Ž . Ž . xs00 nln
Ž .from 4 . Consequently,
p 0Ž .
X X² :¤ , f s u p f p y u 0 f 0Ž . Ž . Ž . Ž .20 n 0 n 0 nln
Ž .from the symmetry of p x . Similarly,
p 0Ž .
X X² :1, f s f p y f 0 .Ž . Ž .2n n nln
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Therefore, if we denote
a s u p fX p y u 0 fX 0 fX p y fX 0Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .n 0 n 0 n n n
then
2‘p1 1 p 0Ž .
l tn¤ x y ¤ x , t dx s 1 y e a . 13Ž . Ž . Ž . Ž .Ž . ÝH 0 n2' ' lt t0 nns1
We will have use of the following results.
LEMMA 1.3. For each natural number n we ha¤e
2 24 2n y 1 pŽ .
a s u p q u 0 q O 2n y 1 14Ž . Ž . Ž . Ž .Ž .2 ny1 0 03r23l p 0Ž .Ž .
and
a s O 1 . 15Ž . Ž .2 n
Proof. The result is a straightforward calculation using the definition of
Ž .a and 11 .k
LEMMA 1.4. If d ) 0 then
‘ 12 2 2yd Ž2 ny1. p hlim e h s . 16Ž .Ýq 't“0 4 p dns1
Proof. Note that for each h ) 0, the sum
‘
2 2 2yd Ž2 ny1. p he 2hŽ .Ý
ns1
is the approximation of the integral
‘ 12 2ydp xe dx sH '2 p d0
via the midpoint method. The result follows.
We are now in a position to prove Theorem 1.1.
Ž . Ž . Ž .Proof of Theorem 1.1. It is a simple matter to prove that 9 , 11 , 14 ,
Ž .and 15 imply we can apply l'Hopital's rule to obtain
2 2‘ ‘1 p 0 p 0Ž . Ž .
l t l tn n'lim 1 y e a s lim 2 t e a .Ž .Ý Ýn n2q q' yll Ž .t“0 t“0t nnns1 ns1
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Ž .Therefore, from 13 we have
2‘p1 p 0Ž .
l tn'lim ¤ x y ¤ x , t dx s 2 lim t e aŽ . Ž .Ž . ÝH 0 nq q' ylŽ .t“0 t“0t 0 nns1
2‘ p 0Ž .2l hns 2 lim e h a 17Ž .Ý nq ylŽ .h“0 nns1
Ž .provided the latter limit exists . Set
‘2 12l h2 ny1f h s e h aŽ . Ý 2 ny1u p q u 0 ylŽ . Ž . Ž .Ž .0 0 2 ny1ns1
and
2‘ p 0Ž .2l h2 ng h s e h a .Ž . Ý 2 nylŽ .2 nns1
Ž . Ž . Ž .If we apply 9 , 15 , and 16 then it follows that
lim g h s 0. 18Ž . Ž .
qh“0
Ž . Ž . Ž .Also, note that from 9 , 11 , and 14 we have
a 4 12 ny1 s u p q u 0 q O .Ž . Ž .Ž .0 03r2 ž /yl nŽ . l p 0Ž .Ž .2 ny1
Consequently,
‘ 8 12l h2 ny1f h s e h q O .Ž . Ý 3r2 ž /ž /nl p 0Ž .Ž .ns1
Easily,
‘ 12l h2 ny1e hO “ 0Ý ž /nns1





2 2 2 2 2 2 2 2l h ydŽ2 ny1. p h l h ydŽ2 ny1. p h2 ny1 2 ny1e h y e h s e y e h .Ž .Ý Ý Ý
ns1 ns1 ns1
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Note that if 0 - y - z then
< yy yz < yy < <e y e F e y y z .
Ž .Also, from 9 we know there exists « ) 0 such that
« F d
and
2 2« 2n y 1 p F l for all n G M .Ž . 2 ny1
As a result,
‘
2 2 2 2l h ydŽ2 ny1. p h2 ny1e y e hŽ .Ý
ns1
‘
2 2 2 2y« Ž2 ny1. p h 2 3F e l q d 2n y 1 p hŽ .Ý 2 ny1
ns1
‘
2 2 2y« Ž2 ny1. p h 3F K e hÝ
ns1
Ž . Ž .for some K ) 0, from 9 . However, from 16 this last term goes to zero as
h “ 0q. Therefore,
‘8 2l h2 ny1lim f h s lim e hŽ . Ý3r2q qh“0 h“0l p 0Ž .Ž . nsM
‘8 2 2 2yd Ž2 ny1. p hs lim e hÝ3r2 qh“0l p 0Ž .Ž . nsM
‘8 2 2 2yd Ž2 ny1. p hs lim e hÝ3r2 qh“0l p 0Ž .Ž . ns1
8 1
s 3r2 '4 p dl p 0Ž .Ž .
8
s 19Ž .3r2'4 p p 0Ž .Ž .
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Ž . Ž .from 16 and the definition of d. Finally, therefore, if we combine 8 ,
Ž . Ž . Ž . Ž . Ž .17 , the definitions of f h and g h , 18 , and 19 then we have
p1
lim ¤ x y ¤ x , t dxŽ . Ž .Ž .H 0q 't“0 t 0
8 2s p 0 u p q u 0Ž . Ž . Ž .Ž . Ž .0 03r2'4 p p 0Ž .Ž .
'2 p 0Ž .
s u p q u 0 .Ž . Ž .Ž .0 0'p
2. MAIN RESULT
Ž .In this section we consider a generalization of the system 6 . Again,
w x Ž .suppose a ) 0, and suppose p: 0, a “ 0, ‘ is a piecewise smooth
function. Then there exist values 0 s x - x - ??? - x s a such that p0 1 m
w xcan be extended to a smooth function on x , x for each i s 1, . . . , m,iy1 i
Ž .and there exists p ) 0 such that p x G p for all 0 F x F a. Suppose f :1 1
w x0, a = R = R “ R is continuous and there exists K ) 0 such that
< < < <f x , u , ¤ y f x , u , ¤ F K u y u q ¤ y ¤ 20Ž . Ž . Ž .1 1 2 2 1 2 1 2
w x w xfor all u , u , ¤ , ¤ g R, x g 0, a and let u : 0, a “ R be smooth. Our1 2 1 2 0
primary focus is the short time behavior of solutions to the system
›
u s p x u q f x , u , u ,Ž . Ž .Ž .t x x› x
 4x g 0, a _ x , . . . , x , t ) 0,Ž . 1 my1
u xy , t s u xq , t , t ) 0, i s 1, . . . , m y 1,Ž . Ž .i i
p xy , t u xy , t s p xq , t u xq , t , t ) 0, i s 1, . . . , m y 1,Ž . Ž . Ž . Ž .i x i i x i
u 0, t s u a, t s 0, t ) 0,Ž . Ž .
u x , 0 s u x , 0 - x - a. 21Ž . Ž . Ž .0
Ž .We say that a function u is a solution to 21 provided there exists T ) 0
such that
Ž .1. The restrictions of u to the spatial intervals x , x yieldiy1 i
functions in
W 2, 1 x , x = « , T , R l L‘ x , x = 0, T , RŽ . Ž . Ž . Ž .Ž . Ž .2 iy1 i iy1 i
for every 0 - « - T , for all i s 1, . . . , m.
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Ž .2. u satisfies 21 for t - T and
lim u ?, t y u s 0.Ž . Ž .2, 0, a0qt“0
Ž .Remark 2.1. We do not deal with the well-posedness of 21 . However,
it is not difficult to combine the linear theory in Chapter 3 of Ladyzenskaja
w xet al. 12 with the contraction mapping theorem, Moser iteration, and local
Ž .parabolic regularity to prove that 21 has a unique solution in the sense
given above.
Ž .Our main result states that the discontinuities of p x and the lower
Ž .order terms in 21 do not effect the result of Theorem 1.1.
Ž .THEOREM 2.1. If u is a solution to 21 then
a1 2 ' 'lim u x y u x , t dx s u 0 p 0 q u a p a .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H ž /0 0 0q ' 't“0 t p0
Proof. We start by developing a simple estimate for u . To this end,x
Ž . Ž .multiply the first equation in 21 by u, integrate by parts, and apply 20 to
find
a a aT T2 2 < < < <u dx q pu dx dt F K u q u dx dt q L, 22Ž .Ž .H H H H Hx x
0 0 0 0 0
a Ž .2 aŽ . ‘ŽŽ . Ž .where L s H u x dx q TH x, 0 dx. Now, since u g L 0, a = 0, T ,0 0 0
.R there exists N ) 0 such that
aT
< <K u dx dt q L F N.H H
0 0
Ž w x. Ž .Consequently, from Young's inequality cf. 12 and 22 we have
a aKT T2 2p u dx dt F N q Ta q K« u dx dtH H H H1 x x«0 0 0 0
for every « ) 0. Therefore, if we choose « ) 0 sufficiently small then we
have shown there exists M ) 0 such that
aT 2u dx dt F M . 23Ž .H H x
0 0
 4Now choose d ) 0 such that d - min x y x ‹ i s 1, . . . , m and con-i iy1
w x w x Ž .struct a smooth function f : 0, a “ 0, 1 such that f x s 1 if d - x -1 1
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Ž .a y d and f x s 0 if 0 - x - dr2 or a y dr2 - x - a. Set f s 1 y f1 2 1
w xand note that 0 F f F 1 and f q f s 1 on 0, a . Now set ¤ s f u andi 1 2 1
w s f u. Clearly u s ¤ q w. In addition, ¤ satisfies2
›
¤ s p x ¤ q g x , t ,Ž . Ž .Ž .t x› x
 4x g 0, a _ x , . . . , x , t ) 0,Ž . 1 my1
¤ xy , t s ¤ xq , t , t ) 0, i s 1, . . . , m y 1,Ž . Ž .i i
p xy , t ¤ xy , t s p xq , t ¤ xq , t , t ) 0, i s 1, . . . , m y 1,Ž . Ž . Ž . Ž .i x i i x i
¤ 0, t s ¤ a, t s 0, t ) 0,Ž . Ž .
¤ x , 0 s u x f x , 0 - x - a, 24Ž . Ž . Ž . Ž .0 1
where g is given by
›
g x , t s f f x , u , u y p f u y p f uŽ . Ž . Ž . Ž .Ž .1 x 1 1 xx x› x
and w satisfies each of
›
w s p x w q h x , t , 0 - x - d, t ) 0,Ž . Ž .Ž .t x› x
w 0, t s w d , t s 0, t ) 0,Ž . Ž . 25Ž .
w x , 0 s u x f x , 0 - x - d,Ž . Ž . Ž .0 2
and
›
w s p x w q h x , t , a y d - x - a, t ) 0,Ž . Ž .Ž .t x› x
w a y d , t s w a, t s 0, t ) 0,Ž . Ž . 26Ž .
w x , 0 s u x f x , a y d - x - a,Ž . Ž . Ž .0 2
where h is given by
›
h x , t s f f x , u , u y p f u y p f u .Ž . Ž . Ž . Ž .Ž .2 x 2 2 xx x› x
Ž . Ž .It should be clear from 20 , 23 , and the forms of g and h that
2ŽŽ . Ž .. Ž .f , g g L 0, a = 0, T . If we integrate the first equation in 24 over
Ž . Ž .0, a = 0, t we obtain
a at
¤ x , t y u x f x dx s g x , s dx ds.Ž . Ž . Ž . Ž .Ž .H HH0 1
0 0 0
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Therefore,




lim u x f x y ¤ x , t dx s 0. 27Ž . Ž . Ž . Ž .Ž .H 0 1q 't“0 t 0
Ž .Now consider 25 . Define w to be the unique solution of1
› › ›
w s p x w , 0 - x - d , t ) 0,Ž .1 1ž /› t › x › x
w s 0, x s 0, d , t ) 0,1
w s u f , 0 - x - d , t s 0,1 0 2
and w to be the unique solution of2
› › ›
w s p x w q h x , t , 0 - x - d, t ) 0,Ž . Ž .2 2ž /› t › x › x
w s 0, x s 0, d , t ) 0,2
28Ž .
w s 0, 0 - x - d, t s 0.2
Ž . Ž . Ž .It is clear that w x, t s w x, t q w x, t for 0 - x - d. Furthermore,1 2
from Theorem 1.1,
1 2d 'lim u x f x y w x , t dx s u 0 p 0 29Ž . Ž . Ž . Ž . Ž . Ž .Ž .H 0 2 1 0q ' 't“0 t p0
Ž . Ž .since f 0 s 1 and f d s 0. In addition, if we integrate the first2 2
Ž . 2 Žequation in 28 and apply the L bound for h, we can argue as above for
..27 to show
1 d
lim w x , 0 y w x , t dx s 0. 30Ž . Ž . Ž .Ž .H 2 2q 't“0 t 0
Ž . Ž . Ž .If we combine 29 and 30 with the fact that w x, 0 s 0, we have2
1 2d 'lim u x f x y w x , t dx s u 0 p 0 . 31Ž . Ž . Ž . Ž . Ž . Ž .Ž .H 0 2 0q ' '0 t p0
Similarly, we can show
a1 2 'lim u x f x y w x , t dx s u a p a . 32Ž . Ž . Ž . Ž . Ž . Ž .Ž .H 0 2 0q ' 't“0 t payd
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Ž . Ž .Therefore, since w x, t s 0 for d - x - a y d, we can combine 31 and
Ž .32 to prove
a1
lim u x f x y w x , t dxŽ . Ž . Ž .Ž .H 0 2q 't“0 t 0
2 ' 's u 0 p 0 q u a p a .Ž . Ž . Ž . Ž .ž /0 0'p
Ž . Ž .Finally, if we combine 27 and 33 then we have our result.
Remark 2.2. The proof above does not require the piecewise smooth-
w xness of p on all of 0, a nor does it require the smoothness of u on all of0
w x0, a . It is enough to request that both p and u are smooth in neighbor-0
hoods of 0 and a, that p is bounded below by a positive constant, and u is0
2 Ž .L on 0, a . In this case we have to work with the notion of a weak
Ž . Ž w x.solution to 21 cf. Chapter 3 of Ladyzenskaja et al. 12 , but the results
above can still be obtained.
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